A promising approach to simulating premixed turbulent combustion in gas turbine and spark ignition engines consists of tracking an average flame surface in an average velocity field. Although such an approach is widely used both within RANS and LES framework, the basic substantiation of the corresponding kinematic (or level set, or mean G t ) equation has not yet been elaborated well. The goal of the present paper is to derive such an equation in a straight forward manner from the well-known G-equation for tracking an infinitely thin flame sheet (flamelet) in a turbulent flow in the simplest case of a statistically one-dimensional premixed turbulent flame. The derived equation clarifies the physical meaning of (i) the speed of the self-propagation of the mean flame surface and (ii) the mean flow velocity used to track the surface. In order for the mean flame speed to be equal to the turbulent burning velocity, the velocity used to track the mean flame should differ from the mean flow velocity at the flame surface. In the simplest case of a statistically one-dimensional (planar or spherical) premixed turbulent flame, the former velocity is equal to the extrapolation of the mean velocity profile in the fresh gas to the mean flame surface. An extension of the aforementioned kinematic equation to a general three-dimensional case is discussed.
INTRODUCTION
Level set methods are widely used in various fields of contemporary science [1, 2] and in premixed combustion, in particular, where this general approach is often called the G-equation [3] .
If a ratio of the thickness of a flame to the lowest scales of velocity non-uniformities and flame wrinkling is sufficiently low, then, the flame may be considered to be an infinitely thin self-propagating sheet that separates unburned and burned gases. Subsequently, the instantaneous position of the flame is linked to the evolution of zero (or G 0 ) level set of a function G(t, x) using the following method. If a flame surface moves normal to itself at a speed S against a flow u(t, x) and, at t = 0, the initial position of the surface is associated with a level set G 0 ; then, the requirement that, at any time t > 0, a point x f (t) of the flame surface remains on the same (G 0 ) level set of the function G(t, x), i.e.
(1) yields the following kinematic equation (2) This equation is derived by taking the material derivative of eqn (1): ,
and allowing for the fact that the points x f (t) are convected by the flow with velocity u and advance normal to the flame surface with speed nS, i.e. trajectories of these points are described by the following equation (4) where n = −∇G/|∇G| is the unit normal vector to the surface. It is commonly assumed that the function G(t, x) increases toward the burned-gas region and, accordingly, the vector n points to the unburned gas. Equation (4) is the characteristic equation for eqn (2) . Therefore, eqns (2, 4) are equivalent from the mathematical viewpoint. Obviously, the above eqns (1) (2) (3) (4) are only valid at the propagating surface. Even if the kinematic eqn (2) can be solved numerically in the entire space (if we use u in the entire space, but with the speed S is equal to either S Lu or S Lb in unburned or burned mixture, respectively), the solution is physically meaningful only at the surface defined by eqn (1) and the solution yields only the spatial coordinates of the surface.
Since the density and velocity jumps are induced at the flame sheet due to heat release, S and u in eqn (2) (i.e. at the flame surface, where the kinematic equation is physically meaningful) are either S Lu and the flow velocity u u in the unburned gas just before the sheet, respectively, or S Lb and the flow velocity u b in the burned gas just behind the sheet, respectively; i.e. (5) It is worth stressing that the sum of u + nS is continuous at the flame sheet and this fact will be used intensively to perform computations with the Dirac delta function in the 
G t G f
( , ) , x = = 0 const next section. In the following analysis, the speeds S Lu and S Lb will be considered to be constant, i.e. a study of variations in the laminar flame speeds caused by local stretch rates is beyond the scope of the present paper.
To the best of the authors' knowledge, eqns (1) (2) (3) (4) (5) were introduced into the combustion literature by Markstein [4] with symbol G being replaced with symbol f, see eqns (1.5-1.7) in the cited book. Equations (2) and (5) are commonly applied either to studying oscillations and instabilities of a premixed flame in a laminar flow (e.g. see Refs. [5, 6, 7, 8, 9] ), or to tracking a laminar flame with a constant S Lu in a numerically generated random flow that mimics some features of turbulence [10] , or to modeling real turbulent combustion, as proposed by Williams [11] and by Kerstein et al. [12] , see Refs. [13, 14, 15] as recent examples of direct numerical simulations of premixed turbulent flames by numerically integrating eqn (2) . In the latter case, the simplification of an infinitely thin flame sheet is well justified for many applications, but not always [16] .
However, since tracking an infinitely thin flame sheet in a turbulent flow is computationally expensive, this method has only been applied to very simple model problems [12, 13, 14, 15] . To simulate premixed turbulent combustion in more realistic cases, Peters [17, 18] tried to derive equations for tracking the mean flame brush and resolving its structure by averaging the G-equation (2) for a laminar flame sheet in a turbulent flow.
The analysis by Peters [17, 18] has been revised by Oberlack et al. [19] based on the fact that the G-equation is physically meaningful only at the flame surface and, therefore, cannot be averaged using the standard methods. Oberlack et al. [19] proposed to average the characteristic eqn (4) and considered the obtained equation for dxf /dt to be the characteristic equation of the mean flame surface. This approach was applied to large eddy simulation (LES) by Pitsch [20] .
The analysis by Oberlack et al. [19] was disputed in Ref. [21] . To show a flaw in Oberlack's approach, let us ask whether or not dxf /dt characterizes the motion of the mean flame surface. Let us consider the following two-dimensional problem; a planar laminar constant-density flame is embedded in a random shear flow u = (y f, 0) at t = 0. Here, f = f(t) is a dimensional (s −1 ) random function with zero mean value f -= 0, the y-axis is tangential to the flame surface at t = 0, and the origin of the coordinate framework lies on the flame surface at t = 0. By substitution, one can easily prove that eqn (2) with an initial condition of G = −x has the following solution (6) where (7) Therefore, the x-coordinate of the flame, which is associated with the level set G = 0, is equal to
International journal of spray and combustion dynamics · Volume . 2 · Number . 4 . 2010 Subsequently, averaging eqn (8) yields (9) with the first term on the right hand side (RHS) of eqn (8) vanishing after averaging, because f -= 0. According to eqn (9) , turbulent burning velocity is proportional to an average increase in the instantaneous flame surface area, in line with the classical Damköhler hypothesis.
Let us consider the same problem within the framework of Oberlack's approach, i.e. by averaging the characteristic equation (4) (10) for a point at the flame surface with the initial coordinates (11) Here, we have taken into account that (12) The solution to eqns (10)- (11) is (13) where (14) It is worth stressing that the instantaneous eqns (8, 13) are equivalent to one another, i.e. substitution of eqn (13) into eqns (3)-(4) yields eqn (8) bearing in mind 
However, the two approaches are not equivalent after averaging. Indeed, by averaging eqn (13), we obtain
The last term on the RHS of eqn (16) does not vanish in a general case (e.g. if the probability density function of F is not symmetric).
Comparison of eqns (9, (15) (16) shows that the point with coordinates {x -f (y 0 , t), yf (y 0 , t)} does not belong to the mean flame surface X -f (t). Therefore, dxf /dt does not characterize the mean flame front (in other words, dxf /dt does not yield characteristics of the G t -equation for tracking the mean flame front), contrary to an assumption invoked by Oberlack et al. [19] . This claim is illustrated in Figure 1 . If instantaneous (thin lines) and mean (bold line) flame fronts are not parallel locally to one another, then, the displacement dx A = S L dt cos ϕ of a point A at the instantaneous front in the
International journal of spray and combustion dynamics · Volume . 2 · Number . 4 . 2010 305 this front in the x-direction during the same time interval dt. As a result, in the simple case shown in Figure 1 , the mean flame front propagates in the x-direction faster than an arbitrary point A at the instantaneous flame front. Thus, the problem of averaging the instantaneous G-equation for tracking the mean flame surface has not yet been resolved. The goals of the present work are (i) to derive an equation for tracking the mean turbulent flame surface in a consistent manner and (ii) to clarify the physical meaning of the flow velocity and flame speed in this equation.
It is worth emphasizing that the present paper is not aimed at proposing a new tool for multi-dimensional simulations of premixed turbulent combustion. The paper is restricted to highlighting that the aforementioned equation can be derived rigorously, but the rigorously derived equation is not so simple as mean G-equations used in practical applications. In particular, as will be shown in the following, evaluation of the "flow velocity" used to track the mean flame surface is an issue, because this velocity differs substantially from the mean flow velocity within the flame brush.
In section 2, the above equation is derived in the statistically planar one-dimensional case. In section 3, an extension of the approach to a general three-dimensional case is discussed and expanding spherical flames are considered to clarify the physical meaning of terms in the equation obtained for tracking the mean turbulent flame surface. The mean G-equation derived in the following is not closed and a closure of this equation is beyond the scope of the present paper.
STATISTICALLY PLANAR ONE-DIMENSIONAL FLAME
For an infinitely thin flame, let us introduce the combustion progress variable c as follows [22] ( 17) where H is the Heaviside function, c = 0 and 1 in unburned and burned gas, respectively. Then, the following equation , (18) results straightforwardly from eqns (2, 5, 17) . It is worth noting that ∇c = |∇G|δ(G −G 0 ) is proportional to the Dirac delta function at the flame. Nevertheless, the product (u + nS)∇c is a meaningful quantity, because the velocity u + nS is continuous at the flame sheet. Equation (18) holds in the entire space. Indeed, c = 0 or 1 at a point that does not belong to the flame surface and, consequently, ∂c/∂t = 0 and ∇c = 0 outside the flame sheet. A point on the surface moves at a speed u + nS, and the jump in c remains constant.
The particular goal of this section is to derive an equation for tracking the mean flame brush by using eqn (18) in a turbulent flow in the simplest case of a single statistically planar, one-dimensional premixed turbulent flame brush that propagates against a statistically planar, one-dimensional mean flow u -(t, x) = {u -, 0, 0} of a combustible gas, where overbar designates the ensemble average.
Certainly, the mean velocity varies within the flame brush due to heat release (but the mean velocity U u = u -(x → ∞ ) of the unburned gas far upstream the flame is not affected by the heat release) and the random velocity field u(t, x) is unsteady and three-dimensional so that the topology of the flame sheet, which is wrinkled and convected by turbulent eddies in three dimensions, may be complicated (see Figure 2) .
For the sake of clarity, we will consider a flame that propagates from left to right in the rest of the paper, if the opposite is not specified.
To obtain the aforementioned equation we have (i) to define a surface that characterizes the mean flame position, (ii) to determine its speed, and (iii) to find a flow velocity appropriate to track the iso-surface.
The key idea of the proposed method consists of the following. Since c = 0 and 1 in unburned and burned mixture, respectively, integration of c(t, x, y, z) along a ray y = const and z = const should yield the x-coordinate ξ f (t, y, z) of the instantaneous flame surface if ξ f (t, y, z) is a single-valued function of y and z . In a more general case of a multi-valued ξ f (t, y, z), the integration yields the x-coordinate X f (t, y, z) of a surface that would separate the unburned and burned mixture if all the reactants (products) were moved to the right (left) half-space (with respect to the surface). Even in the case of a multi-valued ξ f (t, y, z), the function X f (t, y, z) is single-valued and is associated with the x-coordinate of an equivalent flame front. Note that a similar equivalent flame front was used by Bradley et al. [23] to measure the burning velocity of statistically spherical expanding premixed turbulent flames. 
Figure 2:
Flame sheet, mean flame surface, and turbulent flame brush.
To define the aforementioned surface, let us (i) put the origin of the coordinate framework into a point such that c(t, x = 0, y, z) = 1, i.e. only burned mixture is found at x < 0 at any instant (such a choice of coordinate framework is always possible and will allow us to deal with bounded integrals in the following) and (ii) introduce the following quantity (19) Here, M(t, y, z) is the number of points ξ f ,m (t, y, z) of intersection of a line y = const and z = const with a flame sheet and ξ f ,m < ξ f ,m + 1 (see Figure 3 ). Note that M is an odd number and ξ f ,m (t, y, z) > 0 in the selected coordinate framework. Then, (20) (21) and, since (22) by definition of the Dirac delta function, eqn (19) ( , , , ) . It is also worth noting that, although the following coordinate (24) is not bounded, the time and space derivatives of X f and X f are equal to one another, i.e.
because solely burned mixture may be found at x < 0 in the used coordinate framework. The physical meaning of the introduced quantity X f is that the mass of burned gas within an elementary volume with cross section dydz and x > 0 is equal to (26) because the density depends solely on c and ρ = ρ b if c = 1. Moreover, X f (t, y, z) is the total length of an interval {x > 0, y = const, z = const}, occupied by the burned mixture (see Figure 3) . If the x-coordinate of the flame sheet is a single-valued function ξ f (t, y, z) of y and z, then, X f = ξ f .
Using eqns (18) (19) and eqn (25) , one can easily obtain (27) where δ(G − G 0 ) = dH/dG is the Dirac delta function. Here, the partial derivative ∂X f /∂t is taken at fixed y and z. Accordingly, eqn (27) describes the time evolution of X f along any straight line y = const and z = const. The integral on the RHS of eqn (27) is meaningful, because the sum of S + u · n is continuous at the flame sheet. Since (28) where x m are roots of the function f (x), eqn (27) reads 4 . 2010 The term |n x | m −1 is equal to a ratio of dA m /dydz, where dA m is the surface area of a locally planar segment of the flame sheet, confined to an elementary volume dxdydz around the point ξ m .
We stress once more that although X f (t, y, z) defined by eqn (19) is a single-valued function of t, y, and z, the x = ξ f (t, y, z)-coordinate of the real flame sheet (sometimes called flamelet) is a multi-valued and even disconnected (e.g. pockets of either unburned or burned gas) function of y and z in a general case.
Ensemble averaging of eqn (29) yields (30) where overbar designates the ensemble average. The first term on the RHS of eqn (30) 
for a flame that moves from left to right. The physical meaning of U -f will be clarified in the end of this section. Accordingly,
Here, U t is the consumption velocity, i.e. the first equality in eqn (31) is the well-known Damköhler formula for turbulent burning velocity.
As we know X -f , we can easily obtain a G t -equation for tracking the mean flame surface. Indeed, if G t (t, x) is an arbitrary monotone function such that ∂G t /∂x < 0 (the flame propagates from left to right) and
Here, symbol G t is used instead of symbol G in order to stress that eqn (34) simulates the propagation of the mean turbulent flame surface. If the flame moves from right to left, then
and eqn (34) is recovered. Note, that the definitions of U -f given by eqns (31, 35) involve the opposite signs, because the direction of the flow should not depend on the direction of the normal vector n (the direction of this vector for a flame that moves from left to right is opposite to the direction of n for a flame that moves from right to left). Equation (34) has been derived using the first equality in eqn (5) . A similar result may be obtained using the second equality. Accordingly, 
, ,
Since the turbulent flame brush is statistically planar and one-dimensional, ,
and we obtain (41) where σ = ρ u /ρ b is the density ratio and
is the mean velocity of the burned gas at far distances from the mean flame brush. Similarly, since ∇u u = 0, (42) where
and ,
for the premixed turbulent flame that moves from left to right. Therefore, eqns (32, 43) result in (45) Thus, the average velocity of the convection of the mean flame surface is equal to the velocity of the unburned mixture at an infinitely far distance from the surface. Substitution of eqn (45) into eqn (34) yields
It is worth remembering that this equation is physically meaningful solely on the mean flame surface G t [t, X -f (t)] = G 0 . The primary result of the above analysis consists of eqns (34, 45). For practical applications, eqn (45) appears to be of substantial importance, because this theoretical result shows that the Favre-averaged flow velocity at a mean flame surface cannot be used jointly with turbulent burning velocity in order to track the surface. Indeed, in the above analysis, the mean flame surface is determined by ensemble-averaged eqn (19) , i.e.
(47)
For a typical flame, this surface is close to the surface of c -= 0.5. However, the Favreaveraged flow velocity ũ in the vicinity of this surface is definitely significantly larger than U -u due to the heat release within the flame brush. If one associates the mean flame surface with c -= c 0 < < 1 in order to obtain ũ(c -= c 0 ) ≈ U -u , then, the speed of the selfpropagation of this surface will differ substantially from U t . The velocity ρu -/ρ u cannot be used to track the mean flame surface determined by eqn (47), because ρu -= ρ u U t solely in the coordinate framework where both the mean flame position and thickness are stationary, while a typical premixed turbulent flame is characterized by a growing thickness [24, 25] .
Thus, evaluating flow velocity for tracking a mean flame surface is an issue and the theoretical solution given by eqn (45) for a statistically planar one-dimensional flame that propagates in a statistically one-dimensional mean flow may not be justified in other (even simple) cases, as further discussed in Section 3.
THREE-DIMENSIONAL TURBULENT FLAME BRUSH
Although our analysis, as of yet dealt with a statistically planar one-dimensional premixed turbulent flame brush for the sake of simplicity, many results obtained above, and eqns (17-32) in particular, hold in a more general case (e.g. inhomogeneous turbulence, spatially non-uniform mixture, etc.), provided that combustion is completed at far distance behind the mean flame surface, i.e. there is a coordinate framework such that c -→ 1 at x → −∞, y → |∞|, z → |∞|. Then, the x-coordinate X -f of the mean flame surface depends not only on time, but also on y and z. Let us assume further that X -f (t, y, z) is a single-valued function. A half of a statistically 2D and axisymmetrical Bunsen flame appears to be a particular case that satisfies the above requirements.
The knowledge of the partial time derivative ∂X -f /∂t given by eqn. (30) permits us to derive a G t -equation. Let G t (t, x, y, z) be a scalar function such that a level set G t [t, X -f (t, y, z), y, z] = G 0 coincides with the mean flame surface. Then, the evolution of the level set is given by
International journal of spray and combustion dynamics · Volume . 2 · Number . 4 . 2010 Combining this equation with eqns (31, 32), we obtain (49) where the velocities U t and U -t are defined by eqn (31). Equation (49) looks different from the standard G-equation, on the face of it, and the methods used to obtain the two equations, eqns (2, 49) , are also different. The standard G-equation is derived using the condition of G = G 0 for each flame element x f (t), which moves with velocity u + Sn and, therefore, may move not only normally to, but also along the flame surface, whereas eqn (49) has been obtained by invoking a similar condition of G t = G 0 , written for the whole flame surface X -f (t, y, z). A derivation of eqn (49) using the former method is reported in Appendix A.
In order to rewrite eqn (49) in a form similar to eqn (2), let us, first, decompose the velocity U -f defined by eqn (31) as follows (see Appendix B)
where the velocity vector U - 
U 1 
Mean flame surface 
Figure 4:
Relation between U t and the consumption velocity U t .
the angle ϕ. The quantity U t (ξ, η) calculated using eqn (31) in the new framework is associated with the turbulent consumption velocity U t and the distance ∆ξ moved by the flame in the ξ-direction during a time interval ∆t is equal to U t (ξ, η) ∆t provided that, for simplicity, U -f, ξ = 0 in this framework. The distance ∆x moved by the flame in the x-direction during the same time interval is equal ∆ξ/cos ϕ > ∆ξ, i.e.
This inequality is further illustrated in Figure 4c , where not only the mean flame surface, but also the mean flame brush bounded with dashed lines are shown. Both U t and U t are evaluated using the same eqn (31), but in two different frameworks, {x, y} and {ξ, η}. Since the "summation path" ∆x (i.e. the length of an interval where flamelets may be found) is longer than the summation path ∆ξ, the sum on the RHS of eqn (31) is larger in the former framework and, hence, U t > U t (ξ, η) = U t . Equation (54) looks like a three-dimensional generalization of eqn (36), but an important difference between the two equations consists of the fact that U -f is not closed in a general case. The point is that the simple eqn (45) has been derived using eqn (40), which holds solely in the statistically planar one-dimensional case. In a more general case of a statistically planar one-dimensional flame stabilized in a statistically threedimensional flow (e.g. a flame stabilized in an impinging jet), eqn (32) still holds with 
in a general case. On the face of it, the fact that U -f ≠ U -u appears to be surprising, because (i) the velocity U -f does not depend on the laminar flame speed and, thus, does not contribute to the burning rate, whereas (ii) the LHSs of eqns (56-57) multiplied with ρ b dydz characterize the rate of the increase of the mass of the burned gas in a volume with cross section dydz. However, this mass may be increased not only due to burning, but also due to convection of the flame sheet by the flow (i.e. c-flux through the side surfaces of the
elementary volume considered), with the latter effect being not linked straightforwardly with the laminar flame speed S. It appears to be tempting to associate the difference in U -f and U -u with the nonuniformities of the mean flow or, in other words, with the stretching of the turbulent flame brush by the mean flow, because such effects play an important role in premixed turbulent combustion [27, 28] . It is worth stressing, however, that the difference in U -f and U -u should not be considered to characterize the magnitude of the stretching effects, because the turbulent burning velocity U t may also be affected by them.
To support this claim, let us apply the method developed in section 2 to an expanding, statistically spherical, premixed turbulent flame. Since the mean flame expands in all directions in this case, it is impossible to introduce a single Descartes coordinate axis (x-axis in section 2) associated with the flame propagation and the distance X f defined by eqn (19) does not seem to be useful for a spherical flame. As the quantity ρ b (dX f /dt)dA characterizes the mass rate of product creation per an elementary area dA of flame surface x = X f (t, y, z), let us introduce a basically similar quantity for a statistically spherical flame.
In the spherical coordinate framework, the mass of burned gas within an elementary volume is equal to ρ b r 2 sinθdϕdθ. Therefore, the ensemble-averaged total mass M b of burned gas is equal to Since r 2 u -does not depend on r ahead of a statistically spherical flame due to the continuity equation, the velocity U -u is the extrapolation of the mean velocity profile in the fresh gas to the mean flame surface r = R f (t). Similarly, in the statistically planar one dimensional case studied in section 2, the velocity U -u may also be considered to be the extrapolation of the mean velocity profile in the fresh gas to the mean flame surface. Therefore, eqns (43, 63) obtained for the planar and spherical flames, with all other things being equal, look similar to one another. The similarity of the two equations implies that the effects of the stretching of the spherical flame by the mean flow are modeled by U t , rather than by the difference in U -f and U -u in this case. Indeed, the turbulent burning velocities defined by eqns (31, 64) differ from one another.
The above discussion of statistically planar and spherical one-dimensional flames shows that U -f = U -u in the two cases provided that the latter velocity is considered to be the extrapolation of the mean velocity profile in the fresh gas to the mean flame surface. This result is in line with the following conclusion drawn by Lipatnikov and Chomiak [26] from theoretical studies of self-similarly developing, statistically spherical premixed turbulent flames: in order for the sum of the turbulent burning velocity U t and a flow velocity to be equal to the observed flame speed, the latter velocity "should be determined by extrapolating the velocity distribution in the unburned mixture to the surface" used to evaluate U t . This surface is typically in the middle of the flame brush (c ≈ 0.1 or c ≈ 0.5). Due to the significant thickness of a typical premixed turbulent flame brush and the heat release, the difference between the extrapolated velocity and the mean velocity uu [t, X -f (t, y, z), y, z] conditioned on the unburned gas at the mean flame surface (or the unconditioned mean velocity u -[t, X -f (t, y, z), y, z]) may be substantial. For instance, the mean pressure gradient induced within the flame brush due to the heat release accelerates the real flow velocities u -or uu , but deals nothing with the extrapolated velocity.
It is worth also remembering that a similar method (extrapolating the velocity profile in the unburned mixture to the flame surface) is widely used in theoretical studies of weakly stretched laminar premixed flames [29] . 
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